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Abstract
We consider transmission and reflection of narrow Gaussian wave packets by
delta potentials in the cases of constant and specific (inverse linear) time-
dependent strength. Both transmitted and reflected packets exhibit some
‘squeezing’ in the momentum probability distributions. Several different
definitions of the transmission time are introduced and compared.

PACS numbers: 03.75.−b, 03.65.−w

1. Introduction

It is well known that the stationary Schrödinger equation with the potential

V (x) = Zδ(x) (1)

admits a simple complete set of exact explicit solutions [1]. For this reason, it has been
frequently used to model different phenomena in various fields of quantum physics, in the
limit cases when the detailed form of a concrete potential is not essential and results depend on
its integral characteristics, e.g., a product of effective height by effective width. In particular,
such an approximation can be successfully applied to the analysis of various tunnelling
devices in solid state physics [2], where the experimental technique of ‘delta doping’ has
been used for creating different ‘delta layers’ for more than two decades [3]. Applications
of three-dimensional delta potentials to the problems of atomic physics (photoionization,
photodetachment) have been reviewed in [4]. Such potentials are also widely used in the
theory of Bose–Einstein condensates [5, 6]. Exactly solvable models of many-body systems
interacting via delta potentials were considered in [7, 8].

Various solutions of the time-dependent Schrödinger equation with potential (1) were
also considered by many authors, beginning, perhaps, with the paper [9], where an original
approach to the initial-value problem was proposed. In particular, many efforts have been
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directed towards finding the propagator G(x, x ′; t) [10–15], which enables us to calculate the
evolution of any initial wavefunction ψ(x, 0) according to the relation

ψ(x, t) =
∫ ∞

−∞
G(x, x ′; t)ψ(x ′, 0) dx ′. (2)

Generalizations to the case of a time-dependent strength Z(t) were considered in [16–18].
Propagators for moving delta potentials were obtained in [17, 19–21]. For other studies and
generalizations see, e.g., [22–36].

However, concrete calculations of the integral (2) and the analysis of evolution of different
initial localized wave packets in the presence of delta-type potentials were performed only
in a few studies [9, 13, 37]. The aim of our paper is to consider reflection and transmission
by the potential (1) (with constant or specific time-dependent strength Z(t)) of initial narrow
Gaussian packets, with an emphasis on slowly moving packets. This special case could
be realized in experiments with ultracold atoms. In particular, it is closely related to the
phenomenon of quantum deflection of slow packets from reflecting and semitransparent
mirrors [38–40]. For other recent publications devoted to propagation and reflection of
quantum packets (matter waves) see, e.g., [41–48].

Our plan is as follows. In section 2 we derive analytical formulae describing reflection
and transmission of initial narrow Gaussian packets through the stationary delta barrier. We
discuss the effect of ‘squeezing’ the momentum and coordinate probability densities, the time-
dependent and asymptotical transmission probabilities and the concept of conditional average
values. In section 3 we compare different possible definitions of the ‘transmission time’. In
section 4 we consider a generalization to the case of a specific (inverse linear) time dependence
of the delta-potential strength. Section 5 contains conclusions.

2. Evolution of packets in a stationary delta potential

The explicit form of the propagator for the delta potential was found in several papers
[10, 12, 13]

GZ(x, x ′; t) = (2π it)−1/2 exp

[
i(x − x ′)2

2t

]

− Z
2

exp

[
Z(|x| + |x ′|) +

iZ2t

2

]
erfc

[ |x| + |x ′| + iZt√
2it

]
(3)

where

erfc(z) = 2√
π

∫ ∞

z

exp(−y2) dy ≡ 1 − erf(z) (4)

is the complementary error function [49, 50]. To simplify formulae we assume formally that
h̄ = m = 1. The return to the dimensional variables can be performed by means of the
replacements

t → h̄t

m
Z → mZ

h̄2 . (5)

For imaginary time, i.e. for the equilibrium density matrix, a formula equivalent to (3) was
obtained in [51], and the equilibrium Wigner function was calculated in [52]. The second term
in the right-hand side of (3) is sometimes called the Moshinsky function [13, 53, 54], because
a similar expression appeared in the paper [55] devoted to the ‘diffraction in time’ problem.
Equation (3) holds for any sign of Z (although in some papers it was derived for attractive
or repulsive potentials only). Other (integral) representations for the propagator were given
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in [11, 14, 15]. For Z → ∞ and fixed values of x, x ′ and t, the propagator (3) goes to the
propagator in the half-space confined with an impenetrable wall (for x, x ′ > 0)

G∞(x, x ′; t) = (2iπt)−1/2

{
exp

[
− (x ′ − x)2

2it

]
− exp

[
− (x ′ + x)2

2it

]}
(6)

due to the asymptotical formula [49, 50]

erfc(x) ≈ exp(−x2)

xπ1/2
|x| → ∞ |arg x| <

3π

4
. (7)

Exact or quasi-classical propagators in the presence of additional potentials and for various
boundary conditions on a half-line or in three-dimensional domains separated by screens and
slits were obtained, e.g., in [56–63].

Putting expression (3) in the integral (2) one should remember that G(x, x ′; t) has different
analytical forms for x ′ > 0 and x ′ < 0, so that the integration should be performed separately
over the regions x ′ > 0 and x ′ < 0 (and the result is different for x > 0 and x < 0). However,
if we suppose that the initial wavefunction is well localized far away to the right from the
origin, being equal to zero for x < 0, then the integration in (2) should be performed over
x ′ > 0 only, i.e. we may replace |x ′| by x ′ itself. We consider in this paper a Gaussian initial
state3

ψ(x, 0) = (πs2)−1/4 exp

[
− (x − xc)

2

2s2
+ ip0x

]
xc � s. (8)

The form (8) implies that we consider the states without initial correlations between the
coordinate and momentum (it was shown in [39, 40] that nonzero initial correlation coefficient
does not change essentially the picture of reflection or transmission of narrow slow packets
from barriers). Although function (8) has a nonzero ‘tail’ in the region x < 0, this tail is
exponentially small (under the assumed condition xc � s) and does not give any significant
contribution. Therefore, the integration in (2) can be formally extended to the whole axis
−∞ < x ′ < ∞. Using the integral [64]∫ ∞

−∞
dx exp(−ax2 + bx) erfc(x) =

√
π

a
exp

(
b2

4a

)
erfc

(
b

2
√

a(1 + a)

)
(9)

and introducing new dimensionless variables and parameters

x̃ = x

xc

p̃ = ps

h̄
√

2
τ = th̄

√
2

msxc

B = msZ
h̄2

√
2

υ = 1 + iβτ β = xc

s
√

2
(10)

we obtain

ψ(x̃, τ ) =
(

2β2

πυ2

)1/4
{

exp

[
−β2

υ
(x̃ − 1 − p̃0τ)2 + iβp̃0(2x̃ − p̃0τ)

]

−B
√

πυ exp
[
B2υ + 2βB(|x̃| + 1) − p̃2

0 + 2ip̃0(β + B)
]

× erfc

[
β√
υ

(|x̃| + 1) + B
√

υ +
ip̃0√

υ

] }
. (11)

3 An exact formula describing the evolution of the initial packet of the form exp(−a|x − xc|) was obtained and
analysed in [13].
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For B > 0 (repulsive potential) and β � 1, the real part of the argument of the erfc-function
on the right-hand side of equation (11) is large and positive for any value of τ , so we can
simplify this expression using the asymptotical formula (7):

ψ(x̃, τ ) ≈
(

2β2

πυ2

)1/4 {
exp

[
−β2

υ
(x̃ − 1 − p̃0τ)2 + iβp̃0(2x̃ − p̃0τ)

]

− Bυ

β(|x̃| + 1) + Bυ + ip̃0
exp

[
−β2

υ
(|x̃| + 1 + p̃0τ)2 − iβp̃0(2|x̃| + p̃0τ)

]}
.

(12)

2.1. Reflected packet

If B → ∞, the pre-exponential factor in the second line of equation (12) tends to 1 (for fixed x̃

and τ ). In this limit, for x̃ > 0 the right-hand side of (12) becomes a superposition of a freely
expanding Gaussian packet (with zero mean initial momentum) and a packet reflected by an
ideal boundary [38], whereas it goes to zero for x̃ < 0. The probability density |ψ(x̃, τ )|2
rapidly oscillates in the semispace x̃ > 0 (if B �= 0) due to interference between the freely
propagating part of the wave packet and the part reflected from the potential. The asymptotical
(at τ → ∞) momentum distribution |ϕ(p̃)|2 does not depend on τ , but it contains rapidly
oscillating terms containing sine or cosine functions of the big argument βp̃. After averaging
over these oscillations (which do not really affect measurable quantities [39, 40]) we obtain a
smooth distribution, which has different forms for positive and negative values of momentum

P (±)

as (p̃) =
{|ϕ0(p̃)|2 + |ϕ0(−p̃)|2|χ(p̃)|2 p̃ > 0

|ϕ0(p̃)|2(1 − |χ(p̃)|2) p̃ < 0
(13)

where

|χ(p̃)|2 = B2

B2 + p̃2 (14)

is the well-known reflection coefficient from the delta barrier [1] and

|ϕ0(p̃)|2 = (2/π)1/2 exp[−2(p̃ − p̃0)
2] (15)

is the initial momentum distribution corresponding to the state (8) (we confine ourselves to
the case of pure initial Gaussian states; mixed initial states were discussed in [39, 40]). The
asymptotical mean value of the momentum 〈p̃∞〉 is different from the initial value p̃0. For
example, if p̃0 < 0 and |p̃0| � 1 (this means that the absolute mean value of the momentum is
much greater than the momentum spread in the initial state), then 〈p̃∞〉 = p̃0 − 2p̃0|χ(p̃0)|2.
But the most interesting is the case of an almost perfectly reflecting potential (or B � 1) and
zero initial average momentum p̃0 = 0, when the initial symmetrical momentum distribution
(15) (with p̃0 = 0) goes to a highly asymmetrical asymptotical averaged distribution with
Pas(p̃ > 0) ≈ 2|ϕ0(p̃)|2 and Pas(p̃ < 0) ≈ 0. As a consequence, the packet becomes
narrower in the momentum space than it was initially, i.e. some kind of ‘squeezing’ of the
momentum distribution can be observed. This effect of ‘quantum deflection’ (discussed in
[38–40]) has a simple physical explanation, which is based on the wave–particle duality: partial
plane waves with negative components of the momentum change the sign of the momentum
after reflection from the potential, and this results in reducing the spread of the packet in
the momentum space. It is worth noting that the effective width of the packet in the coordinate
space (measured in terms of the coordinate variance σx) turns out to be also less in the
case of almost perfectly reflecting potentials, compared to the case of free spreading of the
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packet [38, 39]. However, no violation of the uncertainty relations happens, because σx grows
with time in all cases as t2 (with a smaller coefficient for |B| � 1 than for B = 0), so
that the product σpσx also increases with time unlimitedly. On the other hand, the invariant
uncertainty product σpσx − σ 2

px asymptotically tends to some constant value (proportional
to the parameter β2, i.e. much greater than h̄2/4) [39, 40]. The asymptotical mean value
of the momentum in the case discussed equals 〈p̃∞〉 = 1/

√
2π (note that the definition of

the dimensionless momentum p̃ in equation (10) differs by the factor
√

2 from the definition
adopted in [38–40]).

2.2. Transmitted packet

Now let us discuss the properties of the transmitted packet. For x̃ < 0 the arguments of both
exponential functions in formula (12) are the same, so that it reads

ψ(x̃, τ ) ≈
(

2β2

πυ2

)1/4
β(1 − x̃) + ip̃0

β(1 − x̃) + Bυ + ip̃0
exp

[
−β2

υ
(x̃ − 1 − p̃0τ)2 + iβp̃0(2x̃ − p̃0τ)

]
.

(16)

Taking β large enough, one can neglect p̃0 in the pre-exponential factor, as well as the
parameter B in the real part of its denominator (remember that υ = 1 + iβt and x̃ < 0).
Therefore, the probability distribution to the left of the barrier does not depend on β under the
conditions

β � 1 β � |p̃0| β � B βτ � 1 (17)

(which imply that B is finite, i.e. the barrier is not totally reflecting):

P(−)(x̃, τ ) ≡ |ψ(x̃, τ )|2 ≈
(

2

πτ 2

)1/2
(1 − x̃)2

(1 − x̃)2 + τ 2B2
exp

[
− 2

τ 2
(x̃ − 1 − p̃0τ)2

]
. (18)

It is clear that for p̃0 < 0 and |p̃0|τ � 1, the maximum of the distribution (18) is attained
at x̃ − 1 = p̃0τ . In this case one can replace the term x̃ − 1 in the pre-exponential factor by
p̃0τ at the points near the maximum. Consequently, the transmitted packet (in the sense of
its probability density) asymptotically is close to the freely expanding initial Gaussian packet,
multiplied by the transmission coefficient

T (p̃) = 1 − |χ(p̃)|2 = p̃2

B2 + p̃2 (19)

corresponding to the initial momentum p̃0. This was noticed (without explicit proof) as far
back as in [9].

However, this simple result holds only if |p̃0| is not very small. If |p̃0| � 1, the situation
is different, and we consider here the extreme case of p̃0 = 0. In this case the main part of
the freely expanding initial packet reaches the barrier at τ ∼ 1, therefore, the most interesting
regime is τ > 1. In contrast to a freely expanding packet, whose maximum is fixed at the point
x̃ = 1, the position of the maximum of the transmitted packet (18) with p̃0 = 0 is gradually
shifted to the left according to the formula

(1 − x̃m)2/τ 2 = 1
2

(
B
√

2 + B2 − B2). (20)

In particular, |1 − x̃m| ≈ 2−1/4τ
√
B for an almost transparent barrier (B � 1). On the other

hand, the velocity of the maximum of the packet does not depend on B for an almost perfectly
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Figure 1. The function F(y) (23) for p̃0 = 0,B = 0 (upper left curve), p̃0 = 0,B = 1 (lower left
curve), p̃0 = −7,B = 0 (upper right curve), p̃0 = −7,B = 10 (lower right curve).

reflecting barrier (B � 1):

(1 − x̃m)2/τ 2 → 1/2 |dx̃m/dτ | → 1/
√

2 (21)

(although the height of the maximum becomes very small). In the latter case

P(−)(x̃) ≈
(

2

π

)1/2
(1 − x̃)2

τ 3B2
exp

[
− 2

τ 2
(1 − x̃)2

]
. (22)

Using the approximation P(−)(x̃) ≈ P(x̃m) exp[−4(x̃− x̃m)2/τ 2] in the vicinity of maximum,
one can check that the ratio of the width of the packet 
x̃ = τ/(2

√
2) to the coordinate of its

maximum x̃m does not depend on time: 
x̃/x̃m ≈ 1/2.
It is convenient to rewrite the probability density (18) as a function of the scaled variable

y = (1 − x̃)/τ (whose range varies from τ−1 to ∞) multiplied by the normalization factor
τ−1:

P(−)(x̃, τ ) = F(y)

τ
F (y) =

√
2

π

y2

y2 + B2
exp[−2(y + p̃0)

2] y = 1 − x̃

τ
. (23)

Comparing (23) with (13), (15) and (19), one can see that the function F(y) with y = −p̃ is

exactly the asymptotical momentum distribution P (−)

as (−p̃). Consequently, the asymptotical
coordinate probability density in the transmitted packet P(−)(x̃, τ ) reproduces (after some
rescaling) the asymptotical momentum probability density. The plots of function F(y) for
different values of p̃0 and B are given in figure 1. One can see that for |p̃0| � 1, the function
F(y;B) behaves as a scaled function F(y; 0), while the functions F(y;B) and F(y; 0) are
completely different in the case of p̃0 = 0.

2.3. Time-dependent transmission probability and conditional average values

The time-dependent transmission probability can be defined as the probability of discovering
the particle to the left of the barrier:

L(τ ) =
∫ 0

−∞
P(−)(x̃, τ ) dx̃. (24)
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Taking the limit τ → ∞ in equation (24), we obtain the asymptotical transmission probability
for the packet [40]

L∞ = lim
τ→∞

∫ 0

−∞
P(−)(x̃, τ ) dx̃ =

∫ 0

−∞
|ϕ0(p̃)|2(1 − |χ(p̃)|2) dp̃. (25)

The ‘conditional’ asymptotical average value of some function of momentum can be defined
as [40, 65]

〈〈f (p̃)〉〉∞ = L−1
∞

∫ 0

−∞
f (p̃)|ϕ0(p̃)|2(1 − |χ(p̃)|2)dp̃. (26)

The physical meaning of this definition seems to be clear: it corresponds to the statistics of
only those events which are related to the detection of a particle behind the barrier. For large
negative values of p̃0, L∞ = T (p̃0), moreover, one can replace a slowly varying reflection
coefficient |χ(p̃)|2 by its value at p = p0 (keeping in mind that the main contribution to
the integral in (26) is from a small region near the point p0, due to the exponential form
of the initial momentum distribution). Consequently, in this asymptotical case we have
〈〈f (p̃)〉〉∞ ≈ 〈f (p̃)〉t=0. In particular, 〈〈p̃〉〉∞ ≈ p̃0.

The situation is different if |p̃0| < 1. We consider the case of p̃0 = 0, when the effect is
maximal. The calculations are simplified in the case of an almost perfectly reflecting barrier
with B � 1, when the plane wave transmission coefficient can be simplified as 1 − |χ(p̃)|2 ≈
p̃2/B2. Then equations (15) and (25) yield L∞ = (8B2)−1. Moreover, the conditional
asymptotical value of the average momentum in the transmitted packet does not depend
on B in this limiting case: |〈〈p̃〉〉| = √

2/π . Note that this value is twice as high as the mean
momentum of reflected particles and the conditional mean value of the momentum of particles
moving to the left in the absence of any barrier (for the Gaussian packet). Also, the value
|〈〈p̃〉〉| is slightly (2/

√
π times) greater than the momentum corresponding to the velocity (21)

of the peak of the transmitted packet, due to the finite width of the transmitted packet in the
momentum space, which equals


p ≡
√

〈〈p̃2〉〉 − 〈〈p̃〉〉2 =
√

(3π − 8)/(4π) ≈ 1/3.

We see that 
p is less than the width of the initial momentum distribution (15) (which
equals 1/2 for the dimensionless variable p̃). Consequently, the transmitted packet also
exhibits some ‘squeezing’ in the momentum distribution. It becomes narrower than the initial
one, because the low energy plane wave components of the initial packet are transmitted
through the barrier with much smaller probabilities than the high energy ones, so that the low
energy components are ‘lost’ in the transmitted packet. This also explains why the conditional
average value of the momentum in the transmitted packet is greater than that in the reflected
packet. The product of conditional uncertainties 
p 
x linearly increases with time (in the
asymptotical regime), although its value is less than that in the case of a free packet.

3. Transmission times

There is a vast literature on the problem of ‘tunnelling time’ [66–68] or ‘arrival time’ [69] of
quantum particles moving in various potentials or passing through potential barriers. However,
the case of tunnelling through the delta barrier seems to have been missed (the ‘delay time’ for
delta barriers was considered recently using the Floquet formalism [70] or initial cut-off plane
waves [71]). Explicit expressions for the time-dependent packets give us a rare possibility of
studying the problem in detail in this special case.
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Figure 2. Normalized transmission probability L̃(τ ) = L(τ )/L∞ for initial packets with negative
mean values of the momentum p̃0 = −4 (right curves) and p̃0 = −5 (left curves), for different
values of the delta-potential strength B = 0 (solid curves) and B = 20 (dashed curves).

There are several possible ways of defining the ‘transmission time’. For example,
introducing the normalized transmission probability L̃(τ ) = L(τ )/L∞, one may assume
that the transmission is practically finished when the difference 1 − L̃(τ ) reaches some small
given number ε, defining the ‘conventional transmission time’ τε by means of the equation
1 − L̃(τε) = ε. Using equations (23) and (24) we obtain

L(τ ) =
√

2

π

∫ ∞

1/τ

y2

y2 + B2
exp(−2(y + p̃0)

2) dy. (27)

An approximate analytical formula for the integral (27) can be easily found for large negative
initial momenta: p̃0 < 0, |p̃0| � 1. Indeed, it is clear that the transmission probability
is exponentially small until |p̃0|τ < 1, and it practically coincides with T (|p̃0|) when
|p̃0|τ � 1. A rapid increase of L(τ ) from zero to the asymptotical value L∞ = T (|p̃0|)
occurs during a rather short interval of time, when |p̃0|τ ≈ 1. Writing |p̃0|τ = 1 + δ

with |δ| � 1, we can replace y by |p̃0| in the pre-exponential factor. Then the integral is
reduced to the complementary error function (4), and we obtain an approximate analytical
formula

L̃(τ ) ≈ 1
2 erfc(ξ) ξ =

√
2|p̃0|(1 − |p̃0|τ) |p̃0| � 1. (28)

Typical dependences L̃(τ ) for |p̃0|τ � 1, following from numerical integration of (27), are
shown in figure 2. One can see that with increasing absolute value of the initial momentum
|p̃0|, the transition region moves to shorter times and becomes narrower. The same behaviour is
observed if one increases the strength of the delta potential B for a fixed value of p0. However,
this effect is rather weak, and it is neglected in the approximate formula (28). Taking into
account formula (7), we obtain asymptotical expressions for |ξ | � 1:

L̃(τ ) ≈




exp(−ξ 2)

2
√

π |ξ | ξ > 0

1 − exp(−ξ 2)

2
√

π |ξ | ξ < 0.

(29)

As a matter of fact, deviations from the asymptotical values are already less than 1% for
|ξ | = 2. Thus, the transmission time τ0.01 equals approximately the difference between two
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Figure 3. Normalized transmission probability L̃(τ ) = L(τ )/L∞ for the initial packet with zero
mean value of the momentum p̃0 = 0, for different values of the dimensionless strength of delta
potential B (from bottom to top): 0; 0.1; 0.3; 10.

values of variable τ which give ξ = ±2. Therefore, τ0.01 ≈ 2
√

2
/
p̃2

0 (or 4mh̄xc

/(
p2

0s
)

in
the dimension variables). This value does not depend on the strength of the delta potential
(remember that we consider the limit of packets with large initial momentum p0, exceeding
the width of the initial momentum distribution, which has an order of h̄/s), being determined
completely by the difference between the instants of time when the plane wave components of
the initial packet, corresponding to the ‘effective borders’ p = p0 ± 2h̄/s of the momentum
distribution (15), reach the position of the barrier x = 0 from the initial point xc.

In the case of zero initial momentum p0 = 0, the integral (27) can be calculated exactly
if B = 0 and approximately if |B| � 1 (when one can neglect the term y2 in the denominator
of the integrand):

L̃(τ ) = erfc(
√

2/τ) B = 0 (30)

L̃(τ ) = erfc

(√
2

τ

)
+

√
8√

πτ
exp

(
− 2

τ 2

)
B � 1. (31)

Thus, we obtain the following asymptotical behaviour of the normalized transmission
probability at τ � 1 in these two opposite limit cases:

L̃(τ ) =




1 − 8
√

2

3
√

πτ 3
+ O(τ−5) B � 1

1 − 2
√

2√
πτ

+ O(τ−3) B � 1.

(32)

Results of numerical calculations of the function L̃(τ ) for different values of B are shown in
figure 3. We see that the time of transmission of the packet to the left half-space in the presence
of a delta barrier is shorter than for a freely expanding packet with zero initial momentum,
and it goes to some finite asymptotical value for B � 1. Equation (32) shows that for p0 = 0,
roughly speaking, τε ∼ ε−1 for B � 1 and τε ∼ ε−1/3 for B � 1.

An obvious disadvantage of the parameter τε is an arbitrariness in the choice of ε. This
ambiguity can be removed if one notes that the function L̃(τ ) is monotonic: see figures 2
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Figure 4. The ‘transmission time probability density’ function (34) for p̃0 = 0 and different values
of B (from bottom to top for τ small and in the inverse order for τ big): 0; 0.5; 10.

and 3. Consequently, the derivative M(τ ) ≡ dL̃(τ )/dτ is nonnegative, and it can be
considered as the probability density of particle transmission through the barrier in the interval
between τ and τ + dτ , because

∫ ∞
0 [dL̃(τ )/dτ ] dτ = 1. Thus, we can define the mean

transmission time as (cf [72])

τ̄ =
∫ ∞

0
τM(τ ) dτ. (33)

In view of equation (27) we have

M(τ ) =
√

2

π

exp[−2(1 + p̃0τ)2/τ 2]

L∞τ 2(1 + B2τ 2)
. (34)

In the special case of p̃0 = 0, the integral (33) with the function (34) can be reduced to the
integral exponential function

E1(x) ≡
∫ ∞

x

dt

t
e−t (35)

by means of the substitution t = 2B2 + 2/τ 2, and we find

τ̄ = L−1
∞√
2π

E1(2B2) e2B2
. (36)

For B � 1 one can use the asymptotics of E1(x) for x � 1 or calculate the integral
(33) directly, neglecting 1 with respect to B2τ 2 in the denominator of (34) and making the
substitution t = τ−2 in the integral. Both ways lead to the same result: since L∞ ∼ B−2, the
mean transmission time goes to the constant asymptotical value τ̄∞ = √

8/π for B � 1 and
p̃0 = 0. However, the integral (33) with the function (34) diverges as B → 0, so that τ̄ = ∞
for the free packet with any value of p̃0. Although one could try to find some explanation
for such behaviour in the case of p̃0 = 0, where the function M(τ ) behaves more or less
differently for B = 0 and B � 1 (see figure 4), there are no reasonable physical explanations
for the divergence of transmission time at B → 0 for |p̃0| � 1, where the plots of M(τ )

practically do not depend on B: see figure 5. This divergence seems, therefore, to be a
mathematical artefact, indicating that the integral (33) is not, in fact, a good measure of the
transmission time.
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Figure 5. The ‘transmission time probability density’ function (34) for p̃0 = −7 and different
values of the dimensionless strength of delta potential B = 0 (dashed curve) and B = 10 (solid
curve).

For these reasons, it seems more natural to define the transmission time as

Ttr = [ max
0<τ<∞

M(τ )]−1 (37)

(a similar definition of the spatial extension of packets was used in [48]), because it agrees
with the usual estimation of the width of the normalized distribution M(τ ) by means of the
relation Ttr · maxM = 1. For p̃0 negative and |p̃0| � 1, the maximum of function (34) is
attained for τm ≈ |p̃0|−1 (when the argument of the exponential function is close to zero), and
we find Ttr ≈ √

π/2p̃−2
0 , independently of B, i.e. the same dependence (up to a numerical

coefficient) as for τ0.01. For p̃0 = 0, changing B from 0 to ∞ shifts the position of maximum
of function M(τ ) from τ = √

2 to τ = 1 and diminishes the transmission time Ttr(B, p̃0)

from Ttr(0, 0) = e
√

π/2 to Ttr(∞, 0) = e2√π/128 (about three times).

4. Time-dependent delta potential

It was shown in [18] (following the ideas of [73]) that the propagator (3) can be easily
generalized to the case of a specific time dependence of the delta-potential strength

V (x, t) = Zδ(x)

ζ(t)
ζ(t) = 1 + αt. (38)

The generalized propagator in the dimensionless variables is (to return to dimensional values
one should use transformations (5) and the substitution α → mα/h̄)

G
(α)
Z (x, x ′; t) = G0(x, x ′; t) − Z

2
√

ζ
erfc

[ |x| + |x ′|ζ + Zit√
2itζ

]

× exp

[
iα

2ζ
(x2 − x ′2ζ ) +

Z
ζ

(
|x| + |x ′|ζ +

iZt

2

)]
(39)

where G0(x, x ′; t) is the free-space propagator given by the first term on the right-hand side
of equation (3). Formula (39) holds for 0 < t < ∞ if α is positive and for 0 < t � t∗ = |α|−1

if α is negative, because in the last case, the strength of the delta potential becomes infinite
at the instant of time t∗, when ζ(t∗) = 0, and there is no unambiguous way to continue the
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solutions for t > t∗. At the critical instant t∗, one can use the asymptotical formula (7) to
obtain the expression resembling (6), but with some modifications:

G∗(x, x ′; t∗) = (2iπt∗)−1/2

{
exp

[
i(x ′ − x)2

2t∗

]
−

(
1 − i|x|

Zt∗

)−1

exp

[
i(|x ′| + |x|)2

2t∗

]}
. (40)

Note that the modifying pre-exponential factor does not depend on the second argument x ′ of
the propagator (over which the integration in formula (2) is performed).

Applying the propagator (39) to the initial state (8), we obtain the generalization of
formula (11)

ψ(x̃, τ ) =
(

2β2

πυ2

)1/4

exp

[
−β2

υ
(x̃ − 1 − p̃0τ)2 + iβp̃0(2x̃ − p̃0τ)

]

− B
(
2πβ2

)1/4

[ζ(1 + iA)]1/2
erfc

[
β(1 + iA)|x̃| + Bυ + ζ(β + ip̃0)

[ζ(1 + iA)υ]1/2

]

× exp

[
β|x̃|
ζ

(2B + iAβ|x̃|) +
B2υ

ζ(1 + iA)
+

2ip̃0(β + B) + β(2B − iA) − p̃2
0

1 + iA

]
(41)

where

ζ(τ ) = 1 + Aβτ A = αms2/h̄ (42)

and other variables and parameters were defined in (10). Obviously, the parameter α−1 has
the meaning of time of existence of the barrier (for α > 0), whereas the quantity ms2/h̄

characterizes the time of spreading of the initial packet. Therefore, we confine ourselves to
the analysis of the case |A| � 1 (otherwise the delta potential practically disappears long
before the main part of the packet reaches the point x = 0). On the other hand, the product
Aβ ∼ αmsxc/h̄ has the meaning of the ratio of the time necessary to reach the position of the
barrier (xc/vs , where the spreading velocity has the order h̄/ms) to the time of existence of
the barrier, so that it is reasonable to suppose that |A|β can be of the order of unity or bigger
(otherwise we have the case of practically stationary delta potential). We shall also assume
that

β � 1 βτ � 1 β � |p̃0| β � |B|. (43)

Let us consider first the case of α positive. Replacing again the complementary error
function in (41) by its asymptotical form (7) and taking into account the restrictions (43), one
can verify that the probability density of the transmitted part of the packet (for x̃ < 0) can be
expressed in almost the same form as in equation (18), with the only difference that the terms
1 − x̃ should be replaced by ζ(τ ) − x̃ in the pre-exponential factor (but not in the argument
of the exponential):

P(−)(x̃, τ ) ≈
(

2

πτ 2

)1/2
(ζ − x̃)2

(ζ − x̃)2 + τ 2B2
exp

[
− 2

τ 2
(x̃ − 1 − p̃0τ)2

]
. (44)

As a consequence, we have the following generalization of formula (34) for the transmission
time probability density:

M(τ ) = L−1
∞

(
2

π

)1/2
ζ 2

τ 2(ζ 2 + B2τ 2)
exp

[
− 2

τ 2
(1 + p̃0τ)2

]
(45)

where

L∞ =
(

2

π

)1/2 ∫ ∞

0
dy

(y + Aβ)2

(y + Aβ)2 + B2
exp[−2(y + p̃0)

2]. (46)
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Figure 6. The ratio T (B) ≡ Ttr(B)/Ttr(0) as a function of B for fixed values of the mean initial
momentum p̃0 and the parameter Aβ, characterizing the rate of decay of the barrier.

If Aβ � 1 and p̃0 = 0, then L∞ ≈ 1
2 [1 + (B/Aβ)2]−1. In figure 6 we show the dependence of

the ratio Ttr(B)/Ttr(0) on B for some fixed values of parameters p̃0 and Aβ. We see that in all
the cases, this ratio decreases with increase of the delta-potential strength B, going to nonzero
asymptotical values. In turn, these asymptotical values increase with increase of |p̃0| and Aβ,
approaching the unit value when either of these parameters becomes large enough.

For α negative, it is interesting to analyse what happens at the critical instant of the
dimensionless time τ∗ = (β|A|)−1, when ‘the tunnel to behind the mirror closes up’. Under
the conditions (43), the coordinate probability density behind the mirror (x̃ < 0) is given by

P(−)(x̃, τ∗) = β|A|
(

2

π

)1/2 (
x̃2

x̃2 + B2τ 2∗

)
exp[−2(β|A|)2(x̃ − 1 − p̃0τ∗)2]. (47)

The coordinate dependent pre-exponential factor can be replaced by unity if β|A| � B. In
this case, the ultimate transmission probability equals

L(τ∗) = 1
2 erfc[(β|A| + p̃0)

√
2]. (48)

For the reflected part of the packet, it is interesting to know the asymptotical value (when
τ → ∞, i.e. for A > 0) of the average momentum for p̃0 = 0. Under the conditions (43), it
can be reduced to the integral

〈p̃∞〉 ≈ 4B
(2π)1/2

∫ ∞

0

dy(By + Ay2) exp(−2y2)

(Aβ + y)2 + (Ay + B)2
. (49)

Due to the presence of the exponential factor in the integrand, the main contribution to the
integral (49) is from the domain y < 2. If B � 1 (almost perfectly reflecting initial barrier)
and A � B, then one can neglect the variable y in the denominator of the integrand (retaining
the factor Aβ, which can be large) and the term Ay2 in the numerator. After this, the integral
becomes trivial, and we obtain the expression

〈p̃∞〉 ≈ {(2π)1/2[1 + (Aβ/B)2]}−1 (50)

containing again the characteristic combination (Aβ/B)2. We see that increasing the product
Aβ makes the same effect as decreasing the initial strength of the delta potential B. This is
quite clear, because the value of Aβ characterizes the time necessary for the expanding packet
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to reach the barrier. But at this moment in the nonstationary case the packet will ‘meet’ not
the initial barrier, but a barrier whose strength became Aβ times weaker, due to the specific
time dependence (38).

5. Conclusion

We have analysed the problem of transmission and reflection of initially narrow Gaussian
packets by the delta potentials of constant and special time-dependent strengths. We have
obtained approximate analytical expressions for the coordinate and momentum probability
densities behind the barrier. These expressions demonstrate some ‘squeezing’ both in the
momentum and coordinate distributions (as soon as these distributions reproduce each other
in the asymptotical regime after some scaling of variables), compared with the case of free
expansion in the absence of a barrier. Nonetheless, the uncertainty relations are not violated,
because the coordinate variance unlimitedly grows with time (although slower than in the case
of a free packet).

Also, we have introduced two functions, which can be interpreted as a transmission time
probability density and a total time-dependent transmission probability. Using these functions,
we have considered several possible definitions of the transmission time and analysed their
dependence on the parameters of the initial packet and the potential. Qualitatively, all the
definitions lead to the conclusion that the transmission time diminishes with increase of
the strength of the delta potential. However, this effect is significant only for slow initial
packets, being practically unobservable in the case of packets with large negative initial
average momenta. Moreover, the transmission times do not reduce unlimitedly, but they tend
to some finite asymptotical values as the strength of the delta potential goes to infinity (when
the total transmission probability tends to zero). The best definition of the transmission time
in the case under study seems to be the inverse height of the maximum of the transmission
time probability density.
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Flügge S 1974 Practical Quantum Mechanics (Berlin: Springer) p 40
Mavromatis H A 1987 Exercises in Quantum Mechanics (Dordrecht: Reidel) p 65

[2] Beltram F and Capasso F 1988 Phys. Rev. B 38 3580
Arsenault C J and Meunier M 1989 Phys. Rev. B 39 8739
Pandey L N, George T F and Rustgi M L 1990 J. Appl. Phys. 68 1933

[3] Wood C E C, Metze G, Berry J and Eastman L F 1980 J. Appl. Phys. 51 383
Ploog K, Hauser M and Fischer A 1988 Appl. Phys. A 45 233

[4] Demkov Y N and Ostrovsky V N 1988 Zero-Range Potentials and Their Applications in Atomic Physics
(New York: Plenum)

Manakov N L, Frolov M V, Starace A F and Fabrikant I I 2000 J. Phys. B: At. Mol. Opt. Phys. 33 R141
[5] Huang K and Yang C N 1957 Phys. Rev. 105 767

Gross E P 1961 Nuovo Cimento 20 454
[6] Leggett A J 2001 Rev. Mod. Phys. 73 307

Courteille P W, Bagnato V S and Yukalov V I 2001 Laser Phys. 11 659



Tunnelling of narrow Gaussian packets through delta potentials 2437

[7] Nussenzveig H M 1961 Proc. R. Soc. 264 408
Lieb E H and Liniger W 1963 Phys. Rev. 130 1605
McGuire J B 1964 J. Math. Phys. 5 622

[8] Albeverio S, Gesztesy F, Høegh-Krohn R and Holden H 1988 Solvable Models in Quantum Mechanics (Berlin:
Springer) p 75

[9] Jánossy L 1952 Acta Phys. Hung. 2 171
[10] Bauch D 1985 Nuovo Cimento B 85 118
[11] Gaveau B and Schulman L S 1986 J. Phys. A: Math. Gen. 19 1833
[12] Blinder S M 1988 Phys. Rev. A 37 973
[13] Elberfeld W and Kleber M 1988 Am. J. Phys. 56 154
[14] Lawande S V and Bhagwat K V 1988 Phys. Lett. A 131 8
[15] Manoukian E B 1989 J. Phys. A: Math. Gen. 22 67
[16] Scheitler G and Kleber M 1988 Z. Phys. D 9 267
[17] Pimpale A and Razavy M 1991 Fortschr. Phys. 39 85
[18] Dodonov V V, Man’ko V I and Nikonov D E 1992 Phys. Lett. A 162 359
[19] Scheitler G and Kleber M 1990 Phys. Rev. A 42 55
[20] Cheng B K and Da Luz M G E 1993 Phys. Rev. A 47 4720
[21] Hughes R J 1995 J. Math. Anal. Appl. 193 447
[22] Breit G 1965 Ann. Phys., NY 34 377
[23] Herling G H and Nishida Y 1965 Ann. Phys., NY 34 400

Nishida Y 1965 Ann. Phys., NY 34 415
[24] Boya L J 1988 Eur. J. Phys. 9 139
[25] Grosche C 1990 J. Phys. A: Math. Gen. 23 5205
[26] Crandall R E 1993 J. Phys. A: Math. Gen. 26 3627
[27] Albeverio S, Brzezniak Z and Dabrowski L 1994 J. Phys. A: Math. Gen. 27 4933
[28] Kleber M 1994 Phys. Rep. 236 331
[29] Olendski O 1995 J. Phys. : Condens. Matter 7 5067
[30] Bezak V 1997 Czech. J. Phys. 47 223
[31] Grosche C and Steiner F 1998 Handbook of Feynman Path Integrals (Springer Tracts in Modern Physics

vol 145) (Berlin: Springer) p 322
[32] Cheon T and Shigehara T 1998 Phys. Lett. A 243 111
[33] Man’ko V I and Chikhachev A S 1998 J. Exp. Theor. Phys. 86 335
[34] Lee C-C and Ho C-L 2002 Phys. Rev. A 65 022111
[35] Rokhlenko A, Costin O and Lebowitz J L 2002 J. Phys. A: Math. Gen. 35 8943
[36] Schmidt A G M, Cheng B K and da Luz M G E 2002 Phys. Rev. A 66 062712
[37] Nakazato H 1997 Found. Phys. 27 1709
[38] Dodonov V V and Andreata M A 2000 Phys. Lett. A 275 173
[39] Dodonov V V and Andreata M A 2002 Laser Phys. 12 57
[40] Andreata M A and Dodonov V V 2002 J. Phys. A: Math. Gen. 35 8373
[41] Kälbermann G 2002 J. Phys. A: Math. Gen. 35 4599

Kälbermann G 2002 J. Phys. A: Math. Gen. 35 9829
[42] Efremov M A and Fedorov M V 2002 Phys. Rev. A 65 052725
[43] Robinett R W and Heppelmann S 2002 Phys. Rev. A 65 062103
[44] Vugalter G A, Das A K and Sorokin V A 2002 Phys. Rev. A 66 012104
[45] Bialynicki-Birula I, Cirone M A, Dahl J P, Fedorov M and Schleich W P 2002 Phys. Rev. Lett. 89 060404
[46] Kramer T, Bracher C and Kleber M 2002 J. Phys. A: Math. Gen. 35 8361

Bracher C, Kramer T and Kleber M 2003 Phys. Rev. A 67 043601
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